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1. INTRODUCTION

For n=1,2,3,.. and 1 € r < n, we define

=18 € C""71(R): S(x) is bounded on R and on
(v, v + 1) it equals a polynomial of degree
<n, Yve L}

Now take points 0  a, < @, < -+- < @a, < 1, where a, =0 if n + r is odd,
a, > 0 otherwise, and the non-zero «; are symmetric about 3.
Suppose that for s = 1, 2...., r, we have

yO =N o€l and y =",y y?"). (1)

Then it follows from the work of Micchelli [3] that there is a unique
element &, .y in %, , such that

Ly +a)=y» vEZ,s=1,2,.,r.

v ?

We define ||, .|| = sup{l| <, ¥ |l: Iyl = 1}, the “nth Lebesgue constant”
for the interpolation considered. For r =n or n — 1, the above interpolation
reduces to polynomial interpolation. In these cases Erdds [1] has shown
there exists a constant ¢ such that

2
%> —logn—c. @

for any choice of «,,..., a,.
Moreover Rivlin [5) has shown that if » =» and

(2~
2n
104

a; = cos Jj=12,..n,
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then

2 2 8
Lol =—1 — {log — 1), 3
|l =~ log n+ = (log —+7) + (1) G)

where y is the Euler—-Mascheroni constant.
For r=1, the above interpolation reduces to ordinary cardinal spline
interpolation and for this case Richards [4] has shown that

2 2 4
|fy~",11|:—1ogn+—(2log—+y)+o(1). @)
b4 n T

In this paper we prove the following result, which reduces to (4) when
r= 1. Much of our proof follows the approach of Richards in [4].

THEOREM 1. For fixed points 0 a, < a, < .-+ <a, <1, with the non-
zero a; symmetric about 1, there are constants M,, M, such that

l'%.r'I:Ml Log n+ M, + o(1), (5)

where n is restricted to have the same parity as r if a, > 0 and different
parity from r if a; = 0. Moreover M, > 2/ with equality iff

2j—1 .
a;= 5 J=1l..,r
or
J—1 :
a; = pa J=1l.,r
In these cases,
2 4
M,=—|(2log— . 6
2= ( og— +7) (6)

2. PRELIMINARIES

Fix points 0@, <a, <--- <a,< 1 with the non-zero a;, symmetric
about 3 and take n > r, where n + r is odd iff a, = 0.
For any x in R, —z <u <m u+0, and 1 s < r, we define

_ det(X ™/ + k)" ")) ey
- det(X (e (u 4 k)" D)

Q(x, u) M

640/36/2-2
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where the summations are taken over all k& of the same parity as r and

Bi=a, |+,

Next define S(x; u) = e"*Q (x, u).
These definitions are generalisations of work of Schoenberg in [6]. For
taking even n and r =1 we have

fux Zf:—oo (eni(2k+l)X/(u + (2k + 1)7[)")
2R o (u+ 2k + Dm) ™"

— eiux Zzo:-oo (eZnikx/(U + 2k7[)")

T o @+ 2kn)

where v=u+mn,

S u)y=e

and this is precisely Schoenberg’s exponential Euler spline S,_,(x; e™).

In general S(x; ) is a linear combination of exponential Euler splines of
degrees n — 1, n — 2,..,n—r and so S(—; u) is in &, ,.

Now (x, u) is a continuous function of x and u, u # 0, and |2 (x, u)| =
1S0c; ) < |14, . Define

1
Ly(x)=— j e e (x, u) du. (8)

—n

Then L, is in %, , and L(a; +v)=6;0,9, vin Z,j=1,2,..,r.
We shall be interested in the behaviour of 2(x, ) as n— co. Now if r is
even,

T @t ey )
20 = Gt @+ TR o

Yk VK k) T (795 (u + 2k;m)"))
B Zk. ..... K, {Vikyss k,) l_L'-:1 (ezﬂkjaj/(u + ij”)")} ’

where for any numbers a, ,..., a,, we denote by V(a,,..., a,) the Vandermande
determinant

det(@ly Vjmor= [ (ax—ay.

1<j<kgr
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Hence

Zk,< <k, V(klf s r)N(kl’ i r)H, l(u+27zk)
Pki<- o<k {VKkyses k,) DKy .o k)TTi-1 (u+ 2mk;) ™"

Q.(x,u)=
(9)

where N(k, ..., k,) = det(e?"*~?); | and D(k,,..., k,) = det(e**™*=*1)] ..
We might expect that as n— oo, each summation in (9) is dominated by
the largest two terms and thus Q,(x, u) is close to

V(—#/2ps 1/2 — 1) N(—1/2,..., /2 — 1 )1 + rm)"
[ + V(r/2 4+ Ly r2)N(—=r/2 + 1, r/2)(u — rn)"]
V(=r/2y, 1/2 — 1) D(—1/24.0, /2 — 1Y u + ro)"
[ + V(—r/2 4+ Ly 1/2) D(—=r/2 + Loy 1/2)(u — m)"]

'és(x’ u) =

After simplification we find

A O + )" — (rm —u)")

Im &2,(x, u) = Vi(re +u)" + (rm — u)"} (19)

and
Re O (x, u) = B,(x)/V, (11)

where

A (x) = e~ Dri@=5 gin p(q — x) V(e™2,..., e*"br), (12)

and
B (x) ="~ D@3 co5 (a, — x) V(e*P,..., e2"Pr), (13)

and
V= V(... e'rier), (14)

A similar calculation for odd r produces the same formulae (10) to (14).
The following lemma states in what sense £2.(x, u) is close to £2,(x, u) for
large n.

LEmMA 1. If x#a;, j=1..,r, then {Re 2 (x,u)—Re 3,(x,u)} and
u~"Im Q2,(x, u) — Im 2 (x, u)} both converge to zero uniformly in u on
(0,7) as n— co.

Proof. We give the proof for even r, the case of odd r following
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similarly. For simplicity we write ¥ = 2zv. Then from (9), Q,(x, u)= N/D,
where

r r r r
(v —r/2)"

v r+1 r)N( r_i’1 r)
( 2 ) 2 2] w2

3 Ve k) Nl ) O 1)

D is the same as N with N(k,,..., k,) replaced throughout by D(k,,..., k,), and
the summations are taken over ali (k,,..., k,) with k; < --- < k, and not equal
to (—r/2,.., /2 —1) or (—r/2 + 1,...,#/2).

We shall show

@—=r/2)" - (v+r/2-1)"

) =20 |Vl k) S By

(16)

(with summation as in (15)) converges uniformly to zero on (0, ) as n — o0.
Since |N(ky,... k,)|s | D(kyss k) < 7!, this  implies 02.(x,u) converges
uniformly to £,(x, u) on (0, ) as n - co.

Now for k>0and /> kor I —k~—1,

vtk \" 2%+ 1\" ,
Y v 2 )
<v+1) <(2l+1)’ ve 03]
and for k < 0 and |/| > ||,

v+k\" k" .
— Y 3]
<U+l><<l>, 06[0,2]

So for large enough #,

w—r/2)" -
@+k)" - (v+k)

X,@)< [ max |k,

j<r —

1(1/2)r(r 1) ©

© 2\ " [°¢) 3 n
o= (= NTopyaee-n f 7
AP = (7) 2 ()

leve {odd

n_.-

tod

[e 0] r n
W/ Drir—1) (1/Dre—1)
3 e (7) — () (
[:
leven
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- S - o ] a/r(r—1)y—n
:2r(r!)(l/2)r(r 1) Sﬂ l“/z)r(r e v <—)
= = \2
fodd leven
{‘?‘ ! 2rtr=1=n {'2 ] (1/2)yr(r—1)—n
X N (-) . v (_) —lg
o~ 3 t=r r
fodd leven
sl [\ VD=1 —nqr
L27(rHyHrr=n S _) B
l:‘r r
leven
~(/Dr(r-n-1
< 2r(r!)(1/2)r(r—1) 147 r n—1/2)r(r—1 B B
) r42
(17)

n—(1/2yr(r—1)—1
< 22r(r!)(1/2)r(r—1) r
= r+1

So X,(v) converges uniformly to zero on (0,3) as n— co. Now noting
that N(k,,..., k)= N(—k,,..,—k,) and D(k,,..,k,)=D(—k, .., —k,)=
(=) Dk, ..., k,), we have from (9) that

Im Q(x, u)
Yhyecty, Vikpous k) Im[iY27 "Nk oo k)] J

[ X ATy 0 +8) ™" = (=1 TTj (0 — k) ™"
[wa<hwmwaNMwawwh) J
XATTj=s @0+ k) ™"+ (=1 [Tj- (0 — k)"

Thus to show u~'{Im 2 (x, 1) — Im £ (x, u)} converges to zero uniformly

on (0, 7) as n— oo, it'is sufficient to show

V=0 Y Wik k)

i=

X %II (v k)"~ (—1)"_{] 0 —k)"|

)

(with summation as in (15)) converges uniformly to zero on (0, 3) as n — ©
We shall prove this for even n, the case of odd » following similarly.
Now assuming (v + k)" --- (v + k)" < (v — k)" --- (v —k,)" we have
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1f @k @ k)
e e oo
PERRIEIARIEY)
N TR TR

(where [,,..., [, are the non-zero k,,..., k,)

<Mz =0~ Gi+v) ( +0)
v (hh—v)(,—v)
2n(|L[+ 1) - (41 + 1)
[y —vl- |l —v]
< 2n4’.

Thus Y,(v) < nd"*'X,(v) and its follows from (17) that Y,(v) converges
to zero uniformly on (0,3) as n— 0. |

Now it follows from the work of [3] that for any y as in (1), and L,
defined as in (8),

@ 0= S yOL(x-v)

s=1 r=-0o0

So

r [e o]
”%l.r" = DTxai(l sgl vzz_w }Ls(x_v)l' (18)
We therefore proceed to examine the sign of L (x), using a method similar
to that of Lipow in [2].
If f€ %, , is periodic with period P, we let Z(f'), the number of zeros of
[ in [0, P), where zeros are counted according to multiplicity, an interval on
which f vanishes is counted as a zero of multiplicity #, and a jump through
zero is counted as a zero of multiplicity one.

LEMMA 2. If f€ ., , has integral period P, then
Z(f)L Pr, if Priseven,

< Pr—1, if Prisodd.

Proof. It follows from Rolie’s theorem that Z(f)<Z(f')< <
Z(f" "), But f™" is a polynomial of degree r —1 on each interval
(v,v+ 1) and so Z(f"*") < Pr with strict inequality if Pr is odd. 1
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LEMMA 3. The zeros of L, are simple and occur only at a;+v,
Jj=Ll..,r,vEZ, except when v=0 and j=s.

Proof. We give the proof for even n and r, the other cases following
similarly. For m=1,2,...,, let L ,, € %, , satisfy

L, (2km+a)=1, VkeZ,
L, (2k+1)m+a,,  _)=-1, YkeZ,
and L, , (v + a;) =0, for all other v€ 7 and a,,..., q,.

Then L, ,(x) is antisymmetric about x=3(m + 1) and x=3(3m + 1).
Also L, ,(v+a;)=0 for all v=0,..,2m — 1 and j = I,..., r except for v=0,
Jj=sandv=m, j=r+1—s. Since L, is periodic of period 2m, Lemma I
tells us that these are the only zeros of L, .

Now Ls,m(x) = Z?:—oo Ls(x — 2km) — Zzo:—oo L, l—s(x — (2k + 1)m)
and so |Ls,m(x)_Ls(x)|<Zk¢0|Ls(x_2km)l +Zzo=‘oo |Lr+l—s(x_
(2k + 1)m)|. It follows from the work of [3] that L (x) and L,,,_.(x) decay

exponentially and thus L ,(x) converges locally uniformly to L (x) as
m — oo. The result follows. §

3. PROOF OF THEOREM 1

Fix x with a,_, <x < a, for some 1  k < r, where a,=a, — 1. Then it
follows from Lemma 3 that for s=1,.., k— 1,

sgn L (x —v) = (=1)S+k+r, v=1,213..,

=(_1)s+k+rv+l’ V=0,—1, _2""

and for s=k,.., r,

sgn L (x —v) = (—1)s*k*m, v=0,1,2,..,

:(_1)s+k+rv+l, v=_1’_2’ _3,“”
Thus, if s=1,..., k— 1,

N
}_: |Ls(x - V)I

r=—-N+1
(__l)s+k T . N1 . 01 )
— J em(x—as) 'Qs(x’ u) 1\L_4 e~ iwr _ Z_‘ e= vl gy
27[ - p=1 v=—N+1
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(=1 tk = y
= —Z_m'—.’,,, e e VD 0 (x, u)(1 — cos Nu) cosec > du

(___l)s+k v . u
= TJ% Im{e™*=%~1DQ (x, u)}(1 — cos Nu) cosec 5 du.

Similarly if s = k...., r,

N—1
\'_, ILS(X—V)|

v=—-N

(=1)tE fu(x—as+1/2 u
=——————‘ Im {2+ /D0 (x, u)}(l—cosNu)cosec—z—du.

2 J_,

Now it follows from Lemma 1 that for large enough n, Im Q,(x, u) = O(u)
as u—~ 0 and it follows from the Riemann-Lebesgue Lemma that

[e ]

_§; |Ls(x_v)|

—1 stk .
_eu ( Im{e™* =90 (x, u)} cosec %du,

2 ),
where
6=84,=—1, s=1.,k—1,
:%’ S:k, s ¥
So
o0 (___l)s+k
Z ILS(.’C—V)|=——7T—'—‘(I,,S +Js)’
v=-—00
where
T u
I, =j sin u(x — a, + d) Re 2,(x, u) cosec -z—du
0
and
n u
J, =4( cos u(x — a, + 9) Im 2,(x, u) cosec Tdu.
0
Let

L. - u
J =f cos u(x — a, + ) Im 0(x, u) cosec —é—du.

s
0
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Then by Lemma 1, J, = J, + o(1). Let J, = I, (+1, , where

T s 2
I, = fo Im Q2 (x, u) ” du

24 {(x) f" (rn+u)" —(rm—u)" du
Vool (rmt+u)'+ (rr—uw)" wu

44 (x) Jl 1—¢" dt i ; rn—u
= —, uttin = .
Vo Jo—wesn L+7 117 putling rm+u

Now it is shown in [4] that

-1 d 1

4
—_— lo log — o(1).
o l+t"1—¢%2 2 gt Ogn-w (1)
Also
r=D/r+1) ] — " dt (r=1/(r+1D gt
—_— = 1
JO 1+["1-[2 J'O 1_t2+0()
1
=—logr +o(l).
2
So
24 4
13s=-—*;,—(xl 10gn+10g7+y—logr + o(1). (19)

Now I, = [7 {cos u(x — a; + 8) Im Q(x, u) cosec(u/2) — Im O (x, u)
(2/u)t du. Since |[ImQ(x,u)| <|4x)/V, for all n=1,2,3,. and
lim,,, Im Q.(x, u) = A,(x)/V, for all u € (0, n], we have
Ax) ™
=2
2,5 %4 L

2
cosec i;- cos u(x —a,+d) — ” du+o(l). (20)

Furthermore it follows from Lemma 1 that
B(x) (. u
I,sz——J sin u(x — a, + &) cosec —du + o(1). 2D
’ | 2

So to sum up,

(_l)s+k

0 0]
N L=

v=-—0o0

(Il,s + IZ,s + 13,5) + 0(1)’
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where I, , I, ; and I, ; are given by (21), (20) and (19). Thus from (18),

|5/l = M, log n + M, + o(1), (5)
where
— 2 : s+k As(x)
Mx—orgggl;; ) == (22)

For j=1,..,r, let

Bi=(2j—1)/2r, if n+riseven,
=(—- 1y, if n4risodd.

We claim

2
M, > — with equality iff a;=§;,j= L., . (23)

We shall prove (23) only for even n and r, the other cases following
similarly. Now for any x in R, let

d A
F(x)= Z (_1)s+1 s(x)
s=1 v
=a,cos rnx + a, cos(r —2) wx + .- + a,,,.
Then
Fla)=0,i=1,.,r.
Now

a, = V(e¥'™,..., e™er)/iv,

where V(e?*1,..., e?*er) is V(e?™*\,..., e*™*r) with the first row replaced by y
with y, = (=1)**! e, p = 1,..., . We shall show that

ag>1 with equality iff a;=8;,j = L., r. (24)
Expanding the determinants by the first row, we have

r Lol .
iVaO — iV = 2 [ernias + i(—l)s] e-ZniaSV(eZnia,,m, eZmaS’m’ eZma,,)
s=1
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(where ~ denotes that this term is to be omitted),
r/z . . o~ .
=2 Z {l + (_l)s sin rnas} e(r—Z)maSV(ebual,m’ eZnIaS,m’ eZma,)

s=1

since
V(eria,.., efnia5+,+1"", etriar) = pritr-Dasppiniar efm'ax’."’ erian,
Now a straightforward calculation shows i'/2"} > 0 and
j/Dr=lpr=Driaspg2niar | ef’”"",..., ey > 0,5 = 1,.,r.
So iP"Y(a, — 1) > 0 with equality iff
1+ (—1)*sinrna, =0, §= Loy 3t
This gives (24) and hence

Jmax. [F(x) 2 1 with equality iff F(x) = cos rax,
i.e., with equality iff a;=8;, j = 1,..., 1.
We have thus proved (23).
Henceforward we assume a;=f;, j=1,...,r. To complete the proof of
Theorem 1 we must show M, is given by (6). Note that the maximum in (22)
is attained for x =y,, j = 1,...,, r, where

Y= (j—1)/r, if n+4riseven,
= (2 — 1)/r, if n+risodd.
So M, equals the maximum over x =y;, j = L,..,, r, of

1 . s+k
72(4)*

s=1

where

du

N

A(x) = u 2
[ =—2c — — -=
% JO COSeC —- Os u(x —a, + 9) ”

+

Bs(x) ™ u
% fo sin u(x — a, + &) cosec Tdu.

Now a straightforward calculation shows

As(yj): U sin ﬁ(ﬂv—’)}j)/ I:[ sin ﬂ(ﬁu_ﬂ3)= (_1)5 n+r

PFES

r
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Thus we find (25) takes the same values for all x=7;, j=I,...,r, and

2 4 1 = u 2
M,=-"— (log — - - =
2= (ogm+y>+n£’ f(u)cosec2 ” du, (26)
where
| B 1 2s —1
=Y —
f) ) cosu |- >
+sinu 1 2s—1 of 2s—)m
( 2r )c 2r
1 | 2s — 1 l 2s — 1
27;;“1(:08 (7——§—2r——)(u—7z)sec (7— s2r )n

From (26) we see
2 1
M,=— (2logi—logr+y) +—1
n m T

where I = [ (f(u) — 1) cosec 3u du, and so to derive (6) we need show only
I=2logr. (27)

We shall prove (27) for even r, the case of odd r following similarly with
a little extra effort. Putting v = u — 7, we have

T

1“/?2,” cos[(2f — Lv/2r]

I'= r = cos[(2f — )m/2r]

1} sec % dv.

0

Now expanding in partial fractions we have

cos|[(Zj — 1)v/2r|
cos(1/2)v
1 ¢ N cos[(2k — 1)(2f — 1)m/2r] sin|[(2k — 1)7/2r]
T Zl =D cos|[v/2r] — cos[(2k — 1)n/2r] ’

k=

So
Sec_v_(”é” cos{(2j — 1)v/2r]
—  cos[(2f — zn/2r]

2 o
(=D)**! ¢y sin|(2k — Dm/2r]
. cos|v/2r] — cos[(2k — V)n/2r]’

[~

1
T or

k
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where

_ “@” cos[(2k — 1)(2 — D)n/2r]

Cp= = cos[(@ — D/2r] k=1,..,r.
Now a straightforward calculation shows
Cri1=—Ci» k=l,.,r—1,
and so ¢, = (—1)**" ¢, =(=1)**' ir. So
d =f0 % E, cos[v/;lrn][iz ]c(os[gz/irl)n/zr] Tsee oy A

=2 log r + 2 log sin(zn/2r)
tan[(2k — 1)n/4r] + tan(n/4r)
tan[(2k — 1)n/4r] — tan(n/4r)

. r i kﬂ/2r)
o e sin
ogr+2logsin(n/2r) +2 1 log e

+2 Y log

k=2

Jra—

k=2

=2logr.

This completes the proof of Theorem 1.

We note that when r = 1, the statement of Theorem 1 requires that ¢, =0
if n is even and a, =3 if n is odd. A modification of the above calculations
produces the following result for r = 1 and any a, in(—3, 1) if n is even, any
a, in (0, 1) if n is odd.

If

a=a,, n even,

=a, -3, n odd,

then Eq. (5) holds with M, = 2/n and
2 4
Mzz? 210g?+y+26(2a)——0(a) ,
where

Gxy= S X
)= L e
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